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Necessary Conditions for Singular Extremals
RICHARD E. KOPP* AND H. GARDNER MoYERf

Grumman Aircraft Engineering Corporation, Bethpage, N. Y.

The purpose of this paper is to derive a set of necessary conditions for singular arcs. In this
case, the classical Weierstrass and Legendre tests as well as the maximum principle fail to
determine the nature of the extremal path. In the present analysis the second variation of the
function to be minimized is evaluated for explicitly denned control variations. The dominant
term of a power series in r, a parameter of the control variation which is allowed to approach
zero in the limit, is calculated and examined for semidefiniteness. Should this term be zero
for a particular problem, a new control variation is chosen and the procedure repeated. These
control variations all belong to a special class of functions that were constructed with the
satisfaction of terminal boundary conditions in mind. These boundary conditions are satis-
fied by applying secondary control variations that contribute terms to the second variation
that are at least one degree higher in r. The results of the analysis are applied to the specific
problem of rocket flight in an inverse square law field. It is shown that, for the time open case,
the singular arc (Lawden's spiral) is nonoptimal.

Introduction

SINGULAR extremals are usually associated with varia-
tional problems in which the control variables appear

linearly in the system differential equations. A singular arc
or subarc occurs when the pseudo-Hamiltonian function H is
not explicitly a function of the control variable over a nonzero
interval of an extremal arc. When such a situation exists,
neither the maximum principle nor the classical variational
theory provides necessary conditions for the arc to be mini-
mizing.

Several papers have discussed specific examples that ex-
hibit singular arcs and methods of analysis.1 ~5 The approach
taken here is a rather general one that could be considered as
an extension of Kelley's work.3 The positive semidefiniteness
of the second variation of the payoff function is examined for a
special class of explicitly defined control variations. When
the first member of this class is used as a control variation the
results are identical with that presented in Ref. 3. However,
if the inequality of the test is met marginally (equality), in
which case the test is inconclusive on the nature of the ex-
tremal arc, the second special control variation in the class is
used and again the positive semidefiniteness of the second
variation examined. If this test should also be satisfied
marginally, the third control variation may be used and so on.

In the final analysis the second variation of the payoff func-
tion is evaluated as a power series in T for a control variation
that is a general member of the class of special control varia-
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tions. | The variable r is a parameter of the control variation
which is allowed to approach zero in the limit. Each suc-
cessive term in the power series provides a sequence of neces-
sary conditions, each successively being applicable when the
former is identically equal to zero. The general term of the
series is expressed recursively as a function of the previous
term. The special class of control variations has been con-
structed so that terminal conditions can be satisfied by an
additional control variation that contributes terms to the
second variation which are at least one degree higher in r.

Although not apparent, it is shown in the appendix that the
sequence of necessary conditions can be restated concisely as
( — l)k(()/c>u)(d2k/dt2k)Hu > 0. This expression is a generali-
zation of the Legendre condition for nonsingular extremals
and was first obtained independently in this form by Robbins.
Although the expression given in the foregoing is a more con-
cise statement of the sequence of necessary conditions derived
in this paper, its derivation lacks some of the motivation of
the former development and is thus delegated to the appen-
dix. The actual application of the equivalent tests involves
about the same amount of computation.

Problem Formulation

The problem is formulated as a Mayer problem; that is,
given a system of differential equations and specified boundary
conditions
j,. ——— -f //Y, /Y. 0, n, j\
J(j1 — >/l\»l'l, . . . , «^7i, 1*1, . . . , I v f ) irj

Xi(tf) = Xi

Xio i = 1, . . . , n (1)

•f i = 1, . . . , m m < n
{ It has been tacitly assumed in the analysis to follow that the

power series in r for the second variation of the payoff functional
has a nonzero interval of convergence.
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minimize a function P(xm+if, . . . , xnf, if) of the open final
state variables Xif. The minimization is usually subject to
constraints on the control variables ui which are denoted by
requiring the control vector u to belong to a class of admissible
controls U. However, such constraints will offer no dif-
ficulty in this analysis since it will be assumed that the control u
corresponding to a singular subarc x is interior to the boundary
of U, as is usually the case.

Fig. 1 (t, r).

Necessary conditions for P to be a minimum are that the
Pontryagin pseudo-Hamiltonian function H be a minimum
for all admissible controls satisfying the boundary conditions
imposed on the system equations:

H(Ui + AUi, . . . , Ur + A.Ur) > H(Ui, . . . , Ur) (2)

where

(3)

The Xi variables are the Lagrange multipliers and satisfy the
differential equations

(4)
i = m 1, . . . , n

Differential equations (1) and (4) can be put in the somewhat
more convenient canonical form

= d#/dXt- X; = - i = 1, . . . , n (5)
Singular subarcs occur when inequality (2) is met marginally
(equality) during a nonzero interval of time for a variation of
one of the control variables Ui about an extremal arc. In the
case where ui appears linearly in H, a singular subarc arises
when the coefficient of the ui term (bH/dui), which is usually
referred to as the switching function, is identically equal to
zero during a nonzero interval of time. In this case the
maximum principle or the Weierstrass condition (2) fails to
determine the nature of the extremal arc and fails to distin-
guish between controls that provide a minimum or a maxi-
mum over short lengths of arc.

Proceeding as in Ref. 1, the variation in P due to a varia-
tion in control u is

AP=
i = m+l

l_

2 . .<
t>, 3 =

*/ +

1 = 1

0 < f < 1 (6)

A special class of control variations whose members are
designated by <po*(t, r) will be used to evaluate (6) as a power

series in T. These control variations have their support on
the time interval 2r with a maximum value of K and have been
chosen such that terminal conditions can be satisfied without
affecting the dominant term of the power series for AP. The
interval 2r can be any connected subinterval of the singular
arc. In the course of the analysis, K and r will be allowed to
approach zero independently. The first of these functions
(^(t, T) is very similar to the variation considered by Kelley
and is shown in Fig. 1. The remaining members of the
class of control variations and their construction will be dis-
cussed later. Successive integrations with respect to t of
<Poq(tj T) are designated by <pv

q(t, T), that is,
d*/db* <pv*(t, T) = <po*(t, r) (7)

The situation to be considered is that in which inequality
(2) is met marginally (equality) for a variation of one of the
control variables. The variation in P to second-order terms
in K due to a variation in the singular control is calculated
from (6). Since only a variation of the singular control is
considered, the subscript on HI will be dropped in the re-
mainder of this analysis. The second variation in the payoff
function to second-order terms in K which is designated by
AP2 thus becomes from (6)

AP2 =

where

1 f* tf n

4 I £2 */^o . ._, x
C)2P xjf (8)

E
to(fo) = 0

ry +
u

t = 1, (9)

8xi(tf) = 0 i = 1, . . . , m, m < n
The terms in (8) involving the first and second partials of H
with respect to w are identically zero along the singular arc.

Solving (9) for the case of a control variation Aw = <f>Qq(t, T),
under proper assumptions of smoothness gives

f f + l
to® = E 4f, „(*) <pv*(t, r) + &«(*) (10)

where

dt

t (t t. ̂ . ^> -

(H)

v = 2, . . . , q + 1

t'«o) = 0
The first control variation to be considered is Aw =

<pol(t, r). The time t = 0 is designated as the center of the
interval 2r and may occur at any interior point of the singular
arc (T will be allowed to approach zero in the limit). From
(8) and (10) AP2 becomes

AP2 = (0 W(«,

«')>+}/:: ± &\& -u.J ^ ^ r f , y = i ̂ ^L. = i

t, r) dt

c)2P
X
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and

(13)

The change AP2 in the payoff is easily evaluated as a power
series in r by integrating (12) by parts. Evaluating only the
dominant terms gives

A f t = < - 2 ^

2

- E

t = 0
0(r6) (14)

A necessary condition for P to be a minimum is that AP2 > 0.
Since t = 0 can be an)^ interior point on the singular arc, a
necessary condition for the arc to be minimizing is

!_ d_
2 dt + \^

> 0 (15)

This is identical with the results obtained by Kelley3 and was
recognized by Bryson to be equivalent to the condition

0 (16)

At this point one is justified in being concerned with the
admissibility of such a control variation in light of the
boundary conditions imposed on (9). From (13) it is ob-
served that

0(r4) (17)

where %il(tf) is of order r3. Therefore corrections in dxi(t/)
to satisfy boundary conditions can be made with control
variations A^ of order r3 which contribute to variations in P of
order r6. Thus the dominant term in AP2 is unchanged in
(14). The existence of such variations is equivalent to a
normality assumption.

If the equality is satisfied in (15), the second member
<Po2(t, T) (Fig. 2) of the class is used as a control variation and
a similar procedure as before followed. After integrating by
parts, AP2 for this variation becomes

- 4 <"+2-
AtjiAjyl^ X

^"•At,*}

3 d
¥¥

/ » VB \
I / -x———— -lij 3 I
\ i'• = 1 z / .

^' ' A"

X

/, r) + + (18)

where /?(£, r) designates remaining terms of higher order in r.
The coefficient of { <pi2(£, r) } 2 is identically equal to zero by
assumption [Eq. (15)]. Evaluating (18) in terms of a power

series in r and keeping only dominant terms gives

1 d
2 A

&H

\ » 5*5
, ^*' V ,-tl bwdx, A" 4 "

. \ » 5'Jg . .
1 ^^ V " ,fi! ̂ '̂ " L ^y'

(r12) > 0 (19)

from which we obtain the second in a sequence of necessary
conditions. The admissibility with regard to boundary con-
straints of such a control variation follows the same type of
argument as before.

Fig. 2 *>0 (t, T).

If the equality condition is satisfied in (19) the third con-
trol variation of the class is used and so on. The motivation
for choosing such a class of control variations arises from the
theory of distributions. To find <poq+l(t, r) consider the
derivative of <poq(t} T) accepting the Dirac Delta, and approxi-
mate this distribution by a pulse of width r3+2 and scale so
that the magnitude of the pulses is K.

General Theory

From the previous discussion for the control variations ^o1

and <£o2; it becomes evident that it is not necessary to actually
construct the specific control variation but only to be assured
that such variations exist for which a constructive method has
been given. With these thoughts in mind we proceed to-
ward a general development.

With A-M = <poq(t, r), (8) is evaluated to second-order terms
in K, giving

= /-,?, «, r)

"1 ! / • ' / " d2#u + - 2 j _ r i ;i5^.
_J l>i 3 — *-

[A,;
d2P

(20)
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Successive integrations by parts of (20) q times gives

{?,<•+ its-
3(«, r) <fc (21)

where

risk = — rjs, k-i(Ai, v X

A; > s > 1

^=_l£*ILAi, + ±t
^du&z* ' 2 <ft

_ |^ |!̂ A,

I'lS/'——4'-)} S > 1

The function p(t, r) represents all remaining terms arising
from the integration by parts. From (13) the change in
Xi(tf) due to the control variation <pQ

q(t, T) becomes

/, r) (22)

It can be shown that each successive integral in (21) is of
higher order than the preceding one in the limit as r ap-
proaches zero. If q is chosen so that the first nonzero term
is the gth term, then a necessary condition for P2 to be a
minimum is

(23)

The quadratic term in dxi(tf) will always be of one degree
higher in T than the terms arising out of (23), and thus can be
neglected as r approaches zero in the limit.

To satisfy boundary conditions on £»•(£/)> control correc-
tions are made in the remaining interval of time which will
add to AP2 terms that are also of one degree higher in r than
those arising out of (23), and thus can be neglected as r ap-
proaches zero in the limit.

Although not readily apparent it is shown in the appendix
that the necessary condition given by (23) can be expressed
equivalently as

(- l)*(c)/5w) [(d2*M2*) &H/&U) ] > 0 (24)
and was first derived independently by Robbins.

Example

To illustrate the application of this test for singular ex-
tremals the problem of rocket flight in an inverse square law
field for the time-open case will be considered. This problem
has been analyzed extensively by Lawden6-7 and others.5

However, to the authors' knowledge, the nature of the
singular arc (better known as Lawden's spiral) has been unre-
solved by these reports with one exception. Through per-
sonal correspondence, the authors find that Robbins4 has by
an independent investigation arrived at basically the same
results wre will show here, namely, that the singular arc is not
a minimum fuel arc for the time-open case (H = 0).

The system equations are

+ T/m si

+ T/m

= m = — T/C

(25)

where

E =

and the problem is to choose T and ̂  such that P = — m/ is
minimized (minimum fuel) subject to the constraint 0 < T <
Tmax. The pseudo-Hamiltonian H function becomes

v* - X6 p (26)X* I - ̂

where the X; are the adjoint variables and .obey the differential
equations

\i = — dH/dxi i = 1, . . . . 5 (27)

From the classical theory H is minimized with respect to T
and SÎ  giving

T =

where

P rxi= — smw\_m

2 + X2
2)1/2

when p < 0

+

- X2/(X!2 + X2
2)1/2

T = 0 when p > 0 (28)

X5

c
(29)

The singular condition occurs when p is identically equal to
zero over a nonzero interval of time. The fact that (Xx

2 +
X2

2)1/2 is then a constant derives from (d/dt)(m\&) = 0.
Without loss of generality we set (X^ + X2

2)1/2 = 1.
Applying the first test given by (23) with q = 1 we obtain

(30)

Substituting for 7711 this becomes

•
_ _
2 At, ! A j , 1 > 0 (31)

The only nonzero terms will be contributed by
b, ! and c)2#/c>m2 A6. i2 where

I AI \2
= — \ —; sin^" + —,m2

dm2 = —, T[\, si

-m2

221

= - -, (32)

Attl = - 1/c

Evaluating (31) with these terms we find that it is satisfied
with the equality sign.
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Applying the second test, that is (23) with q = 2, we obtain

1 *771, 2 Hxixj Ait 2 Ait 2 > 0 (33)

where

171, 2 =
3_ _d_
2 dt

}_
2

(34)

172, 2 =

'••)
The evaluation of (34) shows 771, 2 and r;2, 2 to be identically
equal to zero. Further, the only terms that contribute to
the sum in (33) are for i and j equal to 3 and 4. Without loss
of generality we choose our coordinate system such that
xs = R and x± = 0 when the test is applied. The terms that
contribute to (33) are

6/xXi &H

l_
m (35)

Substituting (35) into (33) and using (28) we obtain as a
necessary condition

{3-5 si 0 (36)

From Eqs. (5.94) and (5.105) of Ref. 7 we see that, along the
singular arc for H = 0, R and T/m are given by

R = a sinV/(l ~ 3 sinV)

and

- = bm \3 — 5 sir
(27 - 75 sinV + 60 sir

(37)

(38)

where a and 6 are positive constants, and <p is the angle
between the thrust direction and the local horizontal. Note
that $ equals ̂  for the position coordinates we have chosen.
From (38) we see that sin^ must be positive and from (37)
that

0 < < U/2 (39)

which violates condition (36), thus showing that the singular
arc is not minimizing.

Conclusions

Based on the theory of the second variation, a sequence of
necessary conditions has been derived for the singular extre-
mal. The positive semidefiniteness of the second variation of
the payoff is examined for a special class of control variations.
If the inequality of the test is met marginally (equality) for
the first necessary condition, in which case the test is incon-
clusive on the nature of the extremal arc, the second test is
applied and so on.

The special class of variations was constructed such that
the change in the second variation of the payoff was domi-
nated by that portion of the integral over which the control
variation had its support. That is, the change in the payoff
due to the primary control variation was of lower order than
that due to the subsequent variation whose purpose was to
restore the boundary constraints.

The application of the general theory to the specific problem
of rocket flight in an inverse square field shows that the singu-
lar arc (Lawden's spiral) for the time-open case (H = 0) is
nonminimizing.

Appendix

An independent derivation of

u] > 0 (Al)

as a necessary condition for a singular arc to be minimizing
is given here. To second-order terms

= - Z

(A2)

where ( ) indicates evaluation of the term along the singular
arc. Equation (A2) together with (8) gives

2AP2 =

However,

\i) dudt -

= Hu-

Substituting (A4) into (A3) with

5u = <poq(t, T)

and integrating by parts k times gives

(A3)

= Hu (A4)

(A5)

2AP = (-1)*

E
i, j = m-\

q > k (A6)

It will now be assumed and proved shortly that u first
appears explicitly in an even order time derivative of Hu,
that is

(d2k/dt^)Hu = (d*>/dt**)Hu(x, X, u, t) (A7)

Expanding (A7) in a Taylor series about the singular arc for
a control variation 5u = <poq(t, r) gives

The integrand in (A6) can be evaluated using

d" „

(A8)

(A9)

The dominant term in (A8) is (d/dw) [(du/(dt2k)Hu]<p0«(t, T),
and this is substituted for the integrand of (A9). The
(d/dw) [(d2k/dt2k)Hu] is expanded in a power series in time
about t = 0, and the integration in (A9) is performed giving

d*_
dtk (A10)
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plus terms involving <pk+iq(t, r), etc. Equation (A6) then
becomes

J -r i
<pk*(t,T)*dt (All)

plus terms of higher order in r. Therefore as r approaches
zero in the limit a necessary condition for the singular arc to
be minimizing is

0 (A12)
where k is the smallest integer for which this function does
not vanish.

It will now be shown that the first nonzero value of (d/
dw) [dm/dtm Hu] occurs for m even. In the proof the explicit
dependence of H on time t is not considered. However, this
assumption is not restrictive since t can always be eliminated
through the definition of an additional state variable whose
derivative is equal to unity :

where

' d\
and S the 2n X 2n square matrix

s = T N I
L -/ N

Expanding the V operator in the center brackets of (A13)
gives

,)T x

K-IJ£f (V#«) (A14)

Since (<b/^>u)[(dm~l/dtm~1)Hu] is identically equal to zero
along the singular arc

dt* HU -

— Hu = 0 (A15)

where I(d/dt) designates that the derivative operation be per-
formed on members to the left of the operator. From (A13)
and (A15)

A [^ TT 1 -
dwL<&" J "

S<I — + [V(VH)TS] V T-TT Hu (A16)( dt dtm 2

Repeating the process m — 1 times, one obtains

r X

'ir**'I1!* (vHu) (A17)

u) (A13) ^_

which upon transposing gives

r^ ̂ i -L^~ J
S] - I (VHU) (A18)

Comparing (A18) and (A14) shows that m must be even.
The material of this Appendix is presented in Ref . 8 in a more
detailed and slightly different form.
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